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Concept Review

« A qubit can be described by 2-d vector:
a
al0) + B11) = | 4]

The state of an n-qubit system can be represented by 2™-dim vector.
The space of such states is a 2™-dim Hilbert space.

Unitary transformation U: |@) — U| ).

How a state time-evolve under a Hamiltonian? Schrodinger’s equation

d
i—IW(®) = HOW(O)



Variational Quantum Algorithm (VQA)

In classical machine learning, we have:

1. data {(xg,yr)} g
2. model y = f(x;0)

3. cost function C'(0) = C(f(xk;6), yi)

4. optimizer 6, = argmin C(0) ML

predict cost

v
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The model in ML can be a neural

network running on a classical \
computer. i

B predict | COSt v
In VQA, the model Is a quantum yQqa . | ] >search
circuit running on the quantum =h = “opdate | optim \/
computer. et
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Variational Quantum Algorithm (VQA)

« Asimple VQA example

« Suppose the n-qubits quantum system’s initial state is |¢,) and we want to construct a
unitary circuit U which can transfer |@,) to target |@,). |¢,) and |¢,) can be

represented by 2™-dim vector. Let

|(P(0)> — U(Hl) ,Hm)l(P0>
* We need to figure out the parameters 64, ..., 8,,, which make |@(8)) = |@,).

Anology: Consider a robot control problem. Suppose we have a robot at

(0,0) and we want to drive it to a target position. The position of the robot 3.1

can also be represented by a 2-dim vector.

Suppose the driver is parametrized by: The angle 8 between the moving
direction and the x-axis and the driving distance L. We need to figure out
0, L to move the robot to the target position.




Variational Quantum Algorithm (VQA)

* Cost Function: In robot control problem, when the robot is ¢ CE
In (x,y), we can use its distance from the target position as
the cost function which we want to minimize =30 1 T
D =+/(x; = )2+ — ¥)? L
(=1.5,—2.5)4 -3 @

* In VQA, when our circuit generate a state |@(0)) , we also want to evaluate |¢(0))’s
distance from our target state |¢). The distance can be calculated as

D" =1—(Y,]9(0))

* In VQA, we need to tune 64, ..., 8,,, to minimize this distance D’



Variational Quantum Algorithm (VQA)

Steps for this example VQA.:

1. RunU(b4,...,0,) 0n ML
quantum computer and get

lp(0))

2. Evaluate D', the distance
between |@(0)) and |@,).

3. Calculate the gradients of
04, ..., 8,, and tune them.
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Variational Quantum Algorithm (VQA)

« Why we need quantum computer?

 |Inapplication (i.e. quantum chemical simulation), n can be very large. Using
classical model to simulate the evolution of a 2™-dim vector (@), |@1), |@(0)) )

has 0(2™) complexity. Quantum computer can do this in O (poly(n)).

« This example is exactly Variational Quantum Eigensolver (VQE), one of the
most promising applications of quantum computing
 Circuit — based VQE
* Pulse — based VQE



Variational Quantum Eigensolver




Variational Quantum Eigensolver (VQE) [PA14]

 What is VQE?
« a hybrid quantum-classical algorithm
« aim to find the lowest eigenvalue of a given Hamiltonian

« Why VQE?
« beneficial for (quantum) systems whose dimension of the problem space grows exponentially
« applicable on Noisy Intermediate-Scale Quantum (NISQ) devices
* current devices have a lot of noise and have restriction in circuit depth
« a lot of quantum algorithms are not applicable
* usage in quantum chemistry, one of the most promising applications of quantum computing

 Connection with Differentiable Programming
* optimizer requires gradient calculation



VQE Diagram lllustration

A hybrid quantum-classical algorithm

-y

Qubit Hamiltonian //
Choice of ansatz

Initial parameters ()(, New set of () values
———— : —_—— — 41 Classical Optimizer

v ¥ | e—
Energy Evaluation | Repeat until

convergence
to obtain

miny E(0)

EO) =<y, H|ly, >

Expectation

estimation

Figure 11,6: The Variational Quantum Eigensolver




Variational Quantum Eigensolver (VQE)

» Problem (Core Task): Solve the ground state (energy) of any molecular Hamiltonian H.
» Input: Some molecular Hamiltonian H

« Approach:
* Prepare a parameterized wave function ansatz ¥(6)) on a quantum computer.
 Adopt classical optimization methods (e.g. gradient descent) to adjust € to minimize the
expectation value ((6) \ﬁ\ ¥(6))
* Output:
« Minimized expectation value, expected to be the ground state enegy
* |U(0)), expected to be the ground state

Theoretical foundation of VQE: Rayleign-Ritz variational principle

Ey = min(¥(0)|H|¥(8))



Variational Quantum Eigensolver (VQE)

* Problem (Reduced Task): Finding the smallest eigenvalue 1,,;, of a discretized
Hamiltonian H and its corresponding eigenvector |\¥y) .

 Input: Some discretized Hamiltonian H
» Approach:
* Prepare a parameterized ansatz |¥(8#)) on a quantum computer.

« Adopt classical optimization methods (e.g. gradient descent) to adjust @ to minimize the
expectation value

0

o Output: <lIJ(9)‘H|lI](9)> Tx = (1
« Minimized expectation value, expected to be A,in oy = (?

- |¥(0)) ,ecpected to be W) _ (1
Tranformation from H to H : ’

The corresponding Hamiltonian H of H should be expressed as a weighted sum of Pauli spin operators
{ox, 0y, 0,} such that the information can be processed on a quantum computer,

M-1
H = Z Ck ( ® aﬁk)) where aj(k) € {I, 0y, 0y, 0,} and M stands for qubit number.

k §=0



VQE Example - Hydrogen Molecule H,

1. Construct H for H

2. Build a quantum r

 ———— r
—H Ry(6o1) P— I
B E
- Ry(gﬂj) R I
10%) < | =
T £(b03) -— l A
—H Ry(0p.4) : o O—]
‘R__'cnsﬂ ——ﬁnﬁ] |

B | sinf  cosf
3. Setting loss functi
min L(¢

()

The generated h2 Hamiltonian 1is

-0.097066206861762556 1
-8.84530261556868938 X6, X1, Y2, Y3
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17441287610651626
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70, 71
70, 72
70, Z3
71
71, 72
71, Z3
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72, 73
73

£ion ansatz (0)).

"his is a 4-qubit quantum circuit
emplate with D layers.

"he dotted frame in the figure
lenotes a single layer.

-xemplary circuit, R,, can be
eplaced with R,,, R, etc.

o w(8)).



VQE Example - Hydrogen Molecule H,

4. Set up the parameters of the model and start training the guantum neural network

iter: 28 loss: -1.8467
iter: 28 Ground state energy: -1.8467 Ha
iter: 48 loss: -1.1185
iter: 48 Ground state energy: -1.1185 Ha
iter: 68 loss: -1.1337
iter: 68 Ground state energy: -1.1337 Ha
iter: 88 loss: -1.137@

iter: 88 Ground state energy: -1.1378 Ha

Circuit after training:
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VQE and QAOA

From my understanding, those
Hamiltonians are interchangable.

* VQE, QAOA € VOQA
 Application
« QAOA: combinatorial optimization = 2_; Ci(2)
* VQE: quantum chemistry
» target Hamiltonian comes from molecular Hamiltonian.

] ] QAOQOA circuit
e Circult

* QAOA: related to the target Hamiltonian H
* VQE: customized circuit, can be independent of H
» QAOA circuit can also be used.

Preparation of equal p repetitions of alternating cost Measurement in
superposition state and mixer layers computational basis

Uc(y;) = e~ 'riflc
Un(B;) = e~ tFitlm




VQE Diagram lllustration

A hybrid quantum-classical algorithm
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Qubit Hamiltonian //
Choice of ansatz

Initial parameters ()(, New set of () values
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Energy Evaluation | Repeat until

convergence
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Figure 11,6: The Variational Quantum Eigensolver




Calculating gradient using quantum circuits

Qiskit Gradient Framework

Quantum Natural
Gradient

Circuit Circuit Circuit
Gradient Gradient QFi

Gradient

Automatic differentiation

Linear .
Y A

Hessian Matrix

Circuit Gradient

Numerical Differentiation

Linear Comb. Overlap Block (Overlap)
Full Diagonal Diagonal

Objective Function
(Expected Value of Observable / Cost Function)

Quantum Fisher Information

Circuit QFl

Symbolic Differentiation

Automatic differentiation -

Backpropagation

* Not clear how
intermediate derivatives
could be stored and
reused inside of a
quantum computation

« No computing graph

To get the gradient of a
guantum program, the key
Idea is to construct some new
programs to compute the
gradients of the original one.



Calculating gradient using quantum circuits

* Loss function is

£(0) = (U(0)|H|T(0)) = (0...0|UO) HU®)0...0)

where @ = [04,0,,..., 0,,] is a list of trainable parameters in the circuit.

e Goal is to find

-
64
oL

vee) = | 7"

aL



Finite Difference Method

* Numerical Differentiation

« Main Idea
» The error of the derivative of a function f(x) tends to zero as h tends to zero:

o) = lm fla + hﬁ - f(a)

» By choosing a sufficiently small h, we can get a good approximation of the derivative.
» For example, for the central finite difference method, the gradient of the loss fnction is

_ _ L0lUT (o4 J(@4+4 L0V —{0...0lUT (=8 YHU (8—48)]0...0
VL(0) ~ £(0+8)—L£(0—35)  (0..0|UT(0+8)HU(6+45)|0...0)—(0...0|UT (6—5)HU (6—35)|0...0)

24 o 26

» Advantage
* no need to build extra circuits or using extra qubits

» Disadvantage
 only get an estimation of the gradient
* high errors of near-term quantum devices



Parameter Shift Rules

* Original parameter shift rule
* restriction: U(0) is a single-parameter gate.

- restriction: U(6) can be written as e "'49G  where G has two unique
eigenvalues 1, and A,.

* parameter-shift rule to find its gradient
VLO)=r L0+ %) —L(O—-F)

4r
where r = ~(1; — Ap).
« Advantage

* no need to build extra circuits or using extra qubits as well
* analytical gradient

 Disadvantage
* restrictions



Parameter Shift Rules Diagram Illustration

VLO) =r[L(0+Z)—L(6—-Z)]

! hybrid computation |
In the diagram

.l
[ ] M - 9
classical « ¢ ==X
node \[_J__ —=Cost( ) 4r
LT )
0 1B
y |
S vieyk “,

quantum

| [0) E y
device i 10 {00 e

|0 Gty

| I_I

|

o
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-

The “parameter shift rule” in the larger context of hybrid optimization.
A quantum node can compute derivatives of its outputs with respect to gate parameters by running the
original circuit twice, but with a shift in the parameter in question.



Parameter Shift Rules

U@C) :é‘(léﬂf)
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History of Parameter-Shift Rules:

E(.’E) = (”{;}

N

ok

Ul(z)BU(z) |¢) U(z) = exp(izG)

R
E(x) =ap + Z ap cos(Qpx) + by sin(Qpx)

=1

Two eigenvalues [LJ17, MK18, Schuld19]
Three eigenvalues [WD21, KIAA21]
More complicated gate structure - two eigenvalues

Up(x) = exp(i(zG + F))

« stochastic parameter-shift rule [BLG21]
Equidistant eigenvalues [VJD18]
General parameter-shift rules [WD21, IART21]

Overview of existing and new parameter-shift rules for first-order univariate

derivatives as Venn diagram on the space of quantum gates.[WD21]



Parameter Shift Rules

D) = &€+

Two E16US S orusrrc History of Parameter-Shift Rules:
FOUR-TeRM ORIGINAL PARAMETER SHTET .
PARMMETER shser | PARAMETER SHIFT | A (e e w7ae » General parameter-shift rules [WD21, IART21]
“fﬁgi()’i 9| o] €, (9= OB « [WD21] derives new, general parameter-shift
e Sl rules for single-parameter quantum gates. It
GO 2 et also combines the general rule with the
E T ~-1 2act NERAL H -
RARAMETER & RFEn) | STOHASTIC GENER stochastic parameter-shift rule, to extend the
SHIFT « s -} PARAMETER SHIET .
EQUIDTSTANT i -
g i CAm R framework to multi-parameter guantum
GENERAL 8 €, mlxot)= W' BIW'D gates
PARAMETER Z Yo [EEm)-BEXnY]  [1@> = 0 (o) (£ U el )10
SHIET
U(x): eix(:

Overview of existing and new parameter-shift rules for first-order univariate
derivatives as Venn diagram on the space of quantum gates.[WD21]



Linear Combiantion of Unitaries

 Write U(0) as U,(6,)U,(6,)...U,,(6.,)
« where U;(68;) is one of the one-qubit (e.x. R,) and two-qubit gates (e.x. CR,) and
m Is the total number of parameterized gates in the circuit U(09)

 Get gradient of inividual parameter

The circuit for gradient of Rx:

510 T T s, z'ri' i T
%éf) ::(JI(Hl)(}Q(HQ)"' (3éf) "'Lﬁn(ﬁhn) ------------ X----Rx(1.047)--
|
. Single-qubit gate gradient, e.x. R,., R, R B {o=omcc
INgle-qublit gate gradient, €.X. Ky, iy, [y
6R$(9) .1 Circuits for gradient of u3:
o = —iy X Ry (6)

« Single-qubit gate gradient, e.x. U3(6, D, 1)
« some symbolic differentiation 1

--Rz(1.746)----Ry(2.101)----2---- Rz(@.798)--

------ [ e



Linear Combiantion of Unitaries

The circuit for gradient of cry:

* Get gradient of inividual parameter = e
« Two-qubit gate gradient - control rotation gates e.x. CR, -U----R22(1.93) - | ---- Ry (2.687)--
cannot be ~Hooooo SDG------- e Hooooo-

CR.(0)=10)(0|® I+ |1)(1] ® R.(0) represented using .. R o
one circuit | | |

OCR.(0) OR.(0) 1 —ifX T

55— = (1@ —= = 5 1) (1] ® Xe [

7
Vi

- _il (10)(0] ® T+ [1)(1] @ Ra(8)) I ® X + 7 (1000] @ T + [1)(1] ® Ru(8)) Z ® X

« Two-qubit gate gradient - rotation gates e.X. R,

. _@£X®X The circuit for gradient of rzz:
Riﬂm(@) - e 2 e Z-----=---- Rzz(1.93)--------*----—-
| |
R (9) o —llmmeemmee=]||2=== z----R 1.93)----Ry(2.687)
zT T | —i=X®X |
90 - _ZEX ® Xe 2 - H---SDG---%____*%________ S



Gradient Review

« Numerical Differentiation
* Finite Difference Method
* pros: no need to build extra circuits or using extra qubits
* cons: estimation of gradients, high errors

« Symbolic Differentiation
« pros: analytic and exact & cons: exhaustive, not always computable

« Automatic Differentiation
« Parameter-Shift Rule
* pros: no need for extra circuits, exact and analytic & cons: ?
 Linear Combinations of Unitaries
* pros: the most general
* cons: needs ancilla qubit, takes long time to run on complex circuits



Pulse-Based Variational Quantum Eigensolver




Quantum Pulse Scedule

= = = = = = = = = = = = = = = = == = = = = = = = = = = = = = = = = = = = = = = =— =

Device-aware I
scheduling u

u Quantum Circuit :> |

u Pulse Schedule
:: > Processor specific |

" Processor compilation |
ﬂ specific ISA ﬁ

The envisioned quantum program representations and
compilation procedures. Circuits are built and
optimized first, and then are scheduled into pulse
programs by using calibrated native gate definitions.

Recent framework enables advanced users to control
the quantum system at the pulse level.

Drive

— @ ©
-

Analog Pulse Qubits

An analog pulse iIs a control signal
that can control the state of qubits In
a guantum computer. The effect of
each pulse depends on its shape,
frequency and amplitude.



Quantum Pulse Scedule

(b)
Go

== = = = = = = = == == == == == == == == == == == == == == == == == == == = = = = = = = = = =— =— =— =

di

: Quantum Circuit _
Device-aware I

> scheduling 1: ©

: Pulse Schedule | a0
}: Processor specific | do
‘: compilation }: m
h Processor P “ 0 :
H specific ISA H i |- :
| | | 4
. . ] ] m1l
Gates In a quantum circuit are decomposed into .

several corresponding pulses.

0 250 500 750 1000 1250 1500 1750 2000
Samples (dt)

I.e. Bell state circuit and its corresponding
pulse sequence.



Pulse-based VOQE

Original VQE

Calculate the loss function

- : Run and
Optimize rotation parameters
= : : measure on
@ for single qubit gates by ;
classical optimization methods qua.n um
devices

Optimize pulses for those
single qubit gates

Pulse-based VOQE

Calculate the loss function

Optimize pulse parameters @
for single qubit gates by
classical optimization methods

Run and
measure on
quantum
devices

Unlike the classical VQE which optimizes the rotation parameters of the single-qubit gates from the logical
guantum circuit, pulse-based VQE directly takes the pulse parameters as the optimization parameters to

find the minimal loss value



Why Pulse-Based Optimization

« The quantum circuit model hides the underlying physical implementation of gates and
measurements on a quantum computer.

 Pulse-Based optimization focuses on the program closer to the hardware than circuit-
level optimization.

« Extracting the highest performance out of quantum hardware requires the ability to
craft a pulse-level instruction schedule, which cannot be done within the standard

circuit model [3].

« Quantum Optimal Control: Control the quantum system with highly efficient means
(1.e. with analog pulse).



Quantum Optimal Control

* In quantum control we look to prepare some specific quantum state, effect some state-
to-state transfer, or effect some transformation (or gate) on a quantum system. A
guantum state can be represented by a vector in the 2™-dim Hilbert space.

. i.e.%(|00) +|11)).

 Suppose we want to effect a state-to-state transfer

lpo) = 1)
X RCE
« Analogy: Recall the robot control problem. We have a T 1
robot at (0,0) and we want to drive it to a target position. ~ 3un [
The position of the robot can also be represented by a 2- AR (U N |
dim vector. @
~1.5,-357]




Quantum Optimal Control

« We can use the analog pulse as control signal to drive the state from [¢,) to [¢,).

 So this leads to a question: given a specific guantum system with known time-
Independent dynamics generator and set of externally controllable fields for which
the interaction can be described by control dynamics generators:
« What is the shape of the control pulse required to achieve?

« GRadient Ascent Pulse Engineering (GRAPE) has been proposed to solve this
problem.



GRadient Ascent Pulse Engineering (GRAPE)

In robot control problem, we usually have some dynamics generators to make the robot move.

For quantum system, the dynamics generators of the system are Hamiltonians H (¢). The dynamics of
the system are governed by Schrddingers equation

d :
=) = —iH(t) |[¢¥)
The combined Hamiltonian for the system IS given by
H() + Z ’U,J

where Hy is the drift Hamiltonian and the H; are the control Hamiltonians. The u; are time varying
amplitude functions for the specific control.

Gradient ascent algorithm can be used to determine a set of u; that will drive our system from [¢g) to |¢,).



GRadient Ascent Pulse Engineering (GRAPE)

* In the hardware implementation, Time allowed for the system to evolve T is split into M timeslots
(typically these are of equal duration). The combined Hamiltonian can then be approximated as

N
H(t) ~ H(ty) = Ho + Y uH,
j=1
k is a timeslot index and ¢t;, is the evolution time at the start of the timeslot where t locates,
and ujj, Is the amplitude of control j throughout timeslot k. Then the time evolution operator X

within timeslot k can be calculated as
X, = o —tH(tk) At

The evolution up to timeslot ¢, Is
X(tk) .= Xka_l c 'Xl.X{]

If the objective is state-to-state transfer, then Xy = [@q) and X;qrg = 1)



GRadient Ascent Pulse Engineering (GRAPE)

A figure of merit or fidelity fpgy Is some measure of how close the evolution X(T) is to the target X; 4,4 |
based on the control amplitudes wj in the timeslots. It can be calculated by

fPSU — d'tr{XngX(T)}‘

Where d is the dimension of the system.
As there are now N x M variables (uj, in H(t) ~ H(t) = Ho + Zuka ) and the fidelity f to

maximize, then the problem becomes a finite multi-variable optlmlzatlon problem, and we can
solve this problem with gradient method.

How can we get the gradient for wu;;, ?



Evaluate the Gradient in Pulse-level Control

Circuit-Level ‘ Pulse-Level

Numerical High errors of near-term quantum devices
Differentiation can make it unfeasible

Automatic Need to store and reuse the intermediate derivatives. Hard in
Differentiation quantum computing since measurement will impact the overall

through computation.
backpropagation
New Strategy Parameter-shift rule
Linear combination rule

v

Can we apply these rules to Pulse-level control directly?



Evaluating the Gradient in Pulse-level Control

Naive way: divide the evolution time T into lots
of timeslot which have the same duration dT. The
amplitude for each control Hamiltonian in each dqT
timeslot is constant and can be regarded as a

quantum gate. Circuit-level techniques(i.e.

parameter shift, Linear combination ) can be

applied directly.

Drawback: Not scalable. The number of timeslot dT which the evolution time T
divided into is usually very large(much larger than a equivalent quantum circuit).

Need a better rule to calculate the pulse sequence’s gradient.
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